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[1] Recent megathrust earthquakes, such as the 23 June
2001 Peru event, the Sumatra events of 2004 and 2005
and the 27 February 2010 Chile event, have given us the
opportunity to measure splitting of the longest period
normal modes. We use wave spectra to make robust
measurements for modes 0S2, 0S3, 0S4, 2S1 and 1S2. Singlet
f requencies of these modes have been measured
previously using gravimeters, but here we use seismic
records to observe splitting functions for 0S2 and 2S1 for
the first time. Cross‐coupling with nearby modes is
included to account for ellipticity and rotation of the Earth
and results in significantly improved splitting function
measurements for 0S3, 0S4 and 1S2 compared with previous
studies. The new splitting function measurements can
easily be implemented in future tomographic modelling
of aspherical velocity and, particularly, density structure.
Citation: Deuss, A., J. Ritsema, and H. van Heijst (2011), Split-
ting function measurements for Earth’s longest period normal
modes using recent large earthquakes, Geophys. Res. Lett., 38,
L04303, doi:10.1029/2010GL046115.
1. Introduction
[2] The splitting of Earth’s longest period free oscillation
spectra places important constraints on the structure of
Earth’s mantle and core. It is well recognised that splitting
functions have the potential to provide density variations in
the Earth’s mantle [Ishii and Tromp, 1999; Trampert et al.,
2004], but progress has been limited by the available data
[Romanowicz, 2001]. Improved splitting function measure-
ments may provide the answer, in particular for the longest
period normal modes which are most strongly sensitive to
density structure. For some of these modes (i.e., 2S1 and
0S2), splitting functions have not been available and others
(i.e., 1S2, 0S3 and 0S4) were measured with large uncertainty
using a small number of spectra [He and Tromp, 1996;
Resovsky and Ritzwoller, 1998].
[3] The Sumatra event of 26 December 2004 (Mw = 9.0)
made it possible to observe singlet frequencies for 2S1 and
0S2 using gravimeters [Rosat et al., 2005] and seismometers
[Roult et al., 2010]. The 27 February 2010 Chile event
(Mw = 8.8) was almost as large and provided us with another
opportunity to measure splitting functions for 2S1 and 0S2
for the first time using only seismic records. In comparison
with previous studies, the new events will more than double
the available spectra for modes 1S2 and 0S3.
2. Theory and Method
[4] Normal modes are standing waves along the surface
and radius of the Earth and thus only exist for discrete
frequencies. Spheroidal modes nSl involve P‐SV wave
motion and are characterized by their radial order n and
angular order l. Each spheroidal mode multiplet nSl consists
of 2l + 1 singlets with azimuthal order m in the range −l,.., l.
These singlets have the same frequency (i.e., are degenerate)
for a spherically symmetric, isotropic, non‐rotating Earthmodel
such as the Preliminary Reference Earth Model (PREM)
[Dziewonski and Anderson, 1981]. Rotation, ellipticity, aniso-
tropy and heterogeneous structure remove the degeneracy,
thereby splitting the singlets into different frequencies.
[5] The splitting of modes can be completely described
using the splitting function approach [Woodhouse and
Giardini, 1985; He and Tromp, 1996; Resovsky and Ritzwoller,
1998]. Splitting function coefficients are denoted cst and











where s is the angular order and t the azimuthal order of the
spherical harmonic used to describe the structure in the Earth.
dmst and dhst are the coefficients of Earth’s heterogeneity
(compressional velocity Vp, shear wave velocity Vs and
density r) and discontinuity (d) topography in terms of
spherical harmonics and Ks(r), Hs
d are known kernels
[Woodhouse, 1980]. The splitting function coefficients can
be visualized by a splitting function map, i.e.,
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where Ys
t(, ) are the complex spherical harmonics
following the normalization of Edmonds [1960].
[6] Splitting functions are measured from the spectra of
large earthquakes. We measure splitting functions by non‐
linear iterative least squares inversion [Tarantola and Valette,
1982] and use the same method as Li et al. [1991]. We start
our inversions from PREM [Dziewonski and Anderson,
1981], taking into account only the cross‐coupling with
nearby modes due to ellipticity and rotation. Thus we prevent
the choice of starting model from influencing the results for
aspherical structure. We invert for the normal mode centre
frequency (i.e., c00) and quality factor jointly with the split-
ting function coefficients. For each inversion, we use a range
of damping parameters, encompassing several orders of
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magnitude. We use norm damping; the damping parameter is
determined using cross validation and trade‐off curves that
display misfit as a function of damping. We only present
measurements for which lowering the damping in our
inversion does not anomalously increase splitting function
coefficients. We model each splitting function up to its
maximum sensitive angular order smax = 2 · l. However, we
find that for most modes reported here only the coefficients
up to s = 2 were robust. We use cross‐validation to determine
standard error boundaries, leaving out different events in
different runs.
3. Data
[7] We found that events with Mw ≥ 8.0 produce spectra
with longest period normal modes well above noise level.
Mode 2S1 was the most difficult to observe, but we observed
clear spectral peaks for the 2004 Sumatra and the 2010 Chile
events. Neither of these events has been used before to
measure splitting functions. For the other modes, we were
able to use a larger number of events, and in particular the
23 June 2001 Peru event (Mw = 8.4) and the 2005 Sumatra
event (Mw = 8.6) provided high‐quality spectra. Modes 0S3
and 0S4 were observed in over 300 spectra from over
30 events (Table 1). The long source duration of the 2004
Sumatra event has been accounted for by multiplying
the frequency spectrum with the best‐estimate frequency
spectrum of the normal mode source time function [Park
et al., 2005].
[8] Figure 1 shows the spectrum at BFO (Black Forest
Observatory, Germany) from the 27 February 2010 Chile
event for the modes measured in this study. Mode 2S1 can
be seen above the noise level around 0.41 mHz. The other
modes measured in this study (0S2, 0S3, 0S4 and 1S2) have
larger amplitudes. The longest period split modes have up to
now been treated as isolated in the measurement of splitting
functions. However, presence of 0T2 and 0T3 peaks on the
vertical component spectra demonstrates that even for the
longest period normal modes, cross‐coupling to nearby
modes due to rotation and ellipticity of the Earth should not
be ignored [Dahlen and Sailor, 1979; Zürn et al., 2000;
Deuss and Woodhouse, 2001].
[9] For each of the modes we tested the quality of our
measurements by comparing splitting functions derived
with and without the 2004 Sumatra spectra. Only for mode
0S2, the longest period mode in our data set, we excluded
the Sumatra event as this event destabilized the inversion.
For all other modes, the Sumatra event was included in the
inversion, but was left out in one of the cross‐validation runs
to determine the error boundaries.
4. Splitting Function Observations
[10] For the five longest period spheroidal normal modes,
the centre frequency, quality factor Q and corresponding
PREM model values are shown in Table 1. Also indicated
are the misfit for PREM and the splitting functions. Note
that the misfit for all modes is significantly lower after
adding splitting function measurements. Even though the
overall misfit for 2S1 is large due to its low signal to noise
ratio, the data quality is sufficiently high to measure its
splitting function (Figure S1 of the auxiliary material).1
4.1. Splitting Function Maps
[11] Figure 2 shows the splitting function maps (i.e.,
equation (2)) for the modes, compared with predictions for
mantle model S20RTS [Ritsema et al., 1999] and crustal
model CRUST5.1 [Mooney et al., 1998] (hereafter called
‘model predictions’). All modes are shown up to angular
order s = 2 (0S4 to s = 4), even though they have all been
measured up to their smax value. While some previous
studies [e.g., He and Tromp, 1996] have published splitting
function coefficients up to s = 4 for 0S3 and 1S2, we found
that it was difficult to constrain these coefficients without
heavily damping towards a starting model such as S20RTS.
[12] Our splitting function measurement for mode 0S2
(Figure 2a) has positive frequency anomalies in the mid‐
Pacific and under Africa in agreement with model predic-
tions (Figure 2b). The other two fundamental modes 0S3 and
0S4 show the characteristic ‘ring around the Pacific’ pattern,
where the splitting functions have positive frequency
anomalies (blue regions in Figures 2c and 2e). This pattern is
well known from splitting function observations for modes
primarily sensitive to mantle structure. It is interpreted as
being due to subduction zone regions which have larger than
average velocity anomalies and agrees well with the model
Table 1. Normal Mode Centre Frequency and Quality Factor
Measured in This Study Compared With PREM Values and the
Total Number of Records and Events Used. Misfit for PREM
(Including Ellipticity and Rotation) and for the Splitting Functions
are Also Shown
PREM cst Num.
rec(ev)f (mHz) Q misf. f (mHz) Q misf.
0S2 309.28 510 0.26 309.48 ± 0.05 580 ± 75 0.22 78(08)
0S3 468.56 417 0.21 468.44 ± 0.03 404 ± 15 0.18 364(37)
0S4 647.08 373 0.26 646.76 ± 0.03 373 ± 10 0.15 578(56)
1S2 679.86 310 0.23 679.91 ± 0.05 327 ± 5 0.18 136(09)
2S1 403.95 397 0.60 404.17 ± 0.04 414 ± 70 0.48 32(02)
Figure 1. Observed spectrum for the Chile event of 27
February 2010 for the vertical component recording of
80 hours length at seismic station BFO. The high signal to
noise ratio makes mode 2S1 visible in a single seismic record.
1Auxiliary materials are available in the HTML. doi:10.1029/
2010GL046115.
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predictions (Figures 2d and 2f). Mode 1S2 (Figure 2g) shows
a ‘zonal pattern’ where the polar regions have stronger pos-
itive anomalies than predicted for a mantle model only
(Figure 2h). The splitting function for 2S1, which has not been
observed before, again shows the characteristic ‘ring around
the Pacific’ pattern (Figure 2i), but with a much stronger
amplitude than is predicted by S20RTS (Figure 2j).
4.2. Coefficients
[13] Our individual cst coefficients (equation (1)) for s = 2
are shown in Table 2 and compared with their model pre-
dictions and measurements made by previous studies in
Figure 3 [He and Tromp, 1996; Resovsky and Ritzwoller,
1998; Masters et al., 2000]. Our new observation for
mode 0S2 (Figure 3a) is almost identical to the model
predictions, even though we started our inversion from
PREM and thus did not include aspherical mantle structure
information. Only Re(c22) (index = 4) is different from the
model prediction, but this coefficient also has the largest
error.
[14] The c20 coefficients (index = 1) are generally best
resolved. We find that our measured values for c20 for modes
0S3 and 0S4 (Figures 3b and 3c) are larger than the predictions
for a mantle model but smaller than previous studies. We
also find that including cross‐coupling for ellipticity and
rotation with nearby modes lowers the c20 value. Without the
cross‐coupling, our c20 value would have been much more
similar to previous studies. The studies by He and Tromp
[1996] and Resovsky and Ritzwoller [1998] did not apply
cross‐coupling for modes 0S3 and 0S4, which may explain
their larger values. Nonetheless, our values remain larger
than the model predictions which may be due to mantle or
outer core structure not included in our model.
[15] Our measurements for mode 1S2 (Figure 3d) are quite
different from previous studies, and are much more similar
to the model predictions. Since our data set is much larger,
we speculate that our measurements are more precise. Again,
the most significant difference is for the c20 coefficient,
which is much larger than the model predictions. 1S2 is
sensitive to the shear wave velocity structure of the inner
core. Inner core anisotropy gives rise to anomalous c20
values for inner core sensitivemodes [Woodhouse et al., 1986],
which would explain our observations. Thus, mode 1S2 should
be used with caution when modeling mantle structure.
[16] Splitting function coefficients for mode 2S1 are much
larger than the model predictions (Figure 3e). From the
damping‐versus‐misfit trade‐off curves (Figure S2), we infer
that the larger amplitudes are indeed required by the data.
The overall shape of our measurements is still quite similar to
the model predictions, indicating that future mantle models
may require stronger structure in parts of the mantle.
4.3. Singlet Frequencies
[17] Splitting functions for modes 0S2 and 2S1 have not
been measured before, so we compare our results with
previous singlet frequencies measurements for the 2004
Sumatra event [Rosat et al., 2005; Roult et al., 2010]. Sin-
glet frequencies calculated from our splitting functions
(Table 3) for 0S2 are very similar to the measurements made
by [Rosat et al., 2005] and slightly less similar to those of
Roult et al. [2010] (Figure 4a). This similarity is encour-
aging, especially as we did not include the Sumatra event in
our measurement for this specific mode and thus are inde-
pendent from the previous studies. All measurements have a
shape similar to the model predictions, but the frequencies
are shifted to higher values than predicted by PREM. This
shift agrees with the shift of 0.2 mHz also seen in the centre
frequency for 0S2 in Table 1.
Figure 2. (a–j) Observed splitting functions and the corre-
sponding predictions for mantle model S20RTS and crustal
model CRUST5.1. The modes have been measured up to
angular orders smax, but we plot the splitting functions up
to s = 2 (0S4 to s = 4).
Table 2. Splitting Function Coefficients (in mHz) for s = 2, With
Error Boundaries on the Second Line
Mode c20 Re(c21) Im(c21) Re(c22) Im(c22)
0S2 −0.66 −0.09 0.02 0.06 −0.25
0.32 0.47 0.18 0.87 0.38
0S3 0.31 0.05 0.06 −0.24 0.59
0.16 0.10 0.09 0.15 0.14
0S4 1.20 0.24 0.23 −0.79 1.22
0.17 0.06 0.07 0.08 0.10
1S2 2.02 −0.17 −0.05 −0.69 1.22
0.15 0.28 0.17 0.38 0.38
2S1 2.93 1.50 1.08 −5.90 −1.97
0.47 1.12 0.49 0.70 1.25
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[18] Our singlet frequencies for mode 2S1 (Figure 4b) are
again similar to the measurements by Rosat et al. [2005],
but quite different to Roult et al. [2010] for the m = 0 singlet.
All measurements are more strongly split than the model
predictions, which was also seen in the splitting function
map (Figure 2i) and individual coefficients (Figure 3e).
5. Conclusions
[19] Recent earthquakes allow us to improve splitting
function measurements of some of the longest period normal
modes and make measurements of modes 0S2 and 2S1 which
had not been possible before. Our results can be easily
implemented in tomographic modeling schemes such as our
new mantle shear wave velocity model S40RTS [Ritsema
et al., 2010], and will improve constraints on the mantle’s
heterogeneous density structure.
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